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1. Introduction

1.1. Background

The description of rigid-body motion is one of the fundamental topics in mechanics and in the ma-

thematical modeling of technical systems. While the description of translational motion is relatively

straightforward and requires specifying only the position of a material point, incorporating the spatial

orientation of a body leads to a significant increase in the complexity of the mathematical model. Parti-

cularly demanding is the general motion, understood as the combination of translational and rotational

motion. An object undergoing general motion possesses exactly six degrees of freedom (6 DOF), three

of which correspond to translation and the remaining three to rotation.

To describe the orientation of a rigid body, Euler angles are most commonly used. They allow the orien-

tation of a local coordinate system attached to the body to be uniquely defined with respect to a global

reference frame through three successive rotations. This representation is widely used in mechanics,

robotics, and machine dynamics due to its intuitive geometric interpretation and straightforward im-

plementation. However, the method suffers from a significant drawback: the presence of representation

singularities known as gimbal lock, which, for certain configurations, leads to the loss of one degree of

freedom and consequently to numerical difficulties.

An alternative method for describing orientation is the use of quaternions. They represent spatial orienta-

tion using four parameters that form a quaternion, thereby eliminating the singularity problem characte-

ristic of Euler angles. Moreover, quaternion-based orientation enables efficient computation of rotations

and interpolation of orientations, making it useful in robotics, aviation, astronautics, and computer gra-

phics.

An extension of quaternions is the dual quaternion formulation, which allows simultaneous represen-

tation of both the orientation and the position of a rigid body. This makes it possible to describe the

full general motion of a body using a single mathematical object, without the need to separately repre-

sent translation and rotation. For this reason, dual quaternions are increasingly used in the modeling of

mechanical systems and rotor machinery.
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1.2. Aim and Scope of the Thesis

The subject of this thesis is the comparison of the classical description of rigid-body motion using Eu-

ler angles with quaternion-based and dual-quaternion-based formulations. The aim is to compare the

classical and quaternion approaches in terms of motion-representation accuracy and computational effi-

ciency, as well as to present the advantages of using quaternions in the mathematical modeling of objects

undergoing spherical and general motion, with particular emphasis on unbalanced rotor machines. The

computational analysis was carried out for two systems:

1. a symmetric spinning top performing spherical motion, described by three rotational degrees of

freedom;

2. an unbalanced rotor supported elastically, performing constrained general motion, described by

three rotational and two translational degrees of freedom, giving a total of five degrees of freedom.

For both models, analytical equations of motion were derived and subsequently implemented in

MATLAB as simulation models solving systems of differential equations using the fourth-order

Runge–Kutta method. Based on the derived equations, simulation models were developed to enable

numerical analysis of the motion of both systems and to compare the classical and quaternion represen-

tations of orientation.
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2. Euler Angles

Euler angles constitute a set of three angles that enable an unambiguous description of the relative orien-

tation of two Cartesian coordinate systems sharing a common origin. Euler angles constitute a set of

three angles that enable an unambiguous description of the relative orientation of two Cartesian coordi-

nate systems sharing a common origin [1]. In the literature, one of these systems is typically considered

the fixed global frame xyz, while the other represents the local frame ξηζ attached to a rotating rigid

body [2]. The orientation of the local frame with respect to the global frame is described by a sequence

of successive rotations about selected axes.

2.1. Definition of Euler Angles

Euler angles are most commonly expressed in the form of rotation matrices:

Rx(α) =

⎡⎢⎢⎣
1 0 0

0 cosα − sinα

0 sinα cosα

⎤⎥⎥⎦ := Xα

Ry(α) =

⎡⎢⎢⎣
cosα 0 sinα

0 1 0

− sinα 0 cosα

⎤⎥⎥⎦ := Yα

Rz(α) =

⎡⎢⎢⎣
cosα − sinα 0

sinα cosα 0

0 0 1

⎤⎥⎥⎦ := Zα

(2.1)

where Xα, Yα, and Zα denote rotation matrices about the x, y,and z respectively, and α is the angle of

rotation. The product of three appropriately selected rotation matrices yields the rotation matrix descri-

bing the orientation of the local frame relative to the global frame. There exist twelve possible rotation

sequences, among which the following are distinguished:

– Six classical Euler angle sequences in which the first and third rotation axes coincide, e.g.

XαZβXγ or ZαXβZγ ;
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– Six Tait–Bryan sequences (also known as Cardan angles), in which each rotation axis appears

exactly once, e.g. XαYβZγ or ZαYβXγ . These sequences are widely used, particularly in aviation

and spacecraft dynamics [3].

An example of a rotation sequence and a complete list of all possible combinations are presented below.

In the remainder of this thesis, the sequences ZαXβZγ and ZαYβXγ are used.

classical Euler angles Tait–Bryan angles

XαZβXγ XαYβZγ

ZαXβZγ ZαYβXγ

XαYβXγ XαZβYγ

YαXβYγ YαZβXγ

ZαYβZγ YαXβZγ

YαZβYγ ZαXβYγ

Tabela 2.1. All possible Euler angle multiplication sequences.

Rys. 2.1. Example of the rotation sequence ZψXθZφ resulting in the orientation of the

local coordinate system ξηζ with respect to the global system xyz, for ψ, θ, φ = 30◦.

he first rotation is performed about the z-axis by the angle ψ, producing the line of

nodes ξ′, which is the intersection of the planes xy and ξη. Next, a rotation by the

angle θ, is carried out about this line, causing the ζ-axis to tilt relative to the z-axis.

The final step is a rotation by the angle φ about the local ζ-axis, yielding the resulting

orientation of the local coordinate system with respect to the global one.
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2.2. Problems Associated with Euler Angles

The main advantages of Euler angles include their simplicity and intuitive geometric interpretation. Re-

presenting orientation through three successive rotations has been used for many years in mechanics and

machine dynamics, and its mathematical framework is relatively straightforward. For this reason, Euler

angles remain one of the most commonly used methods for describing the orientation of a rigid body.

Despite their numerous advantages, this representation also has significant limitations. These include the

need to select an appropriate rotation sequence, the presence of singularities, and limited convenience

when performing calculations for complex systems [4].

The most serious drawback is the occurrence of the phenomenon known as Gimbal Lock [5]. This pheno-

menon arises when one of the Euler angles reaches a value corresponding to a singular configuration of

the chosen rotation sequence, causing two rotation axes to align and the system to lose one degree of fre-

edom. As a result, the orientation of the body can no longer be uniquely represented using Euler angles.

This leads to difficulties in numerical simulations and in applications requiring continuous orientation

tracking, such as computer graphics, navigation systems, or aircraft control. In computer animation and

3D graphics, gimbal lock may result in chaotic and unpredictable motion of animated objects.

Gimbal lock may also occur in navigation systems and is particularly dangerous in aviation and unman-

ned aerial vehicles. Near singular configurations of Euler angle representations, gyroscopic systems fail

to provide unambiguous orientation information, which may lead to a loss of control over the vehicle. Hi-

storically, a gimbal refers to a system of rings—also known as a Cardan suspension—used in gyroscopes

to support the rotor and allow rotation about three axes.

In practice, various methods are used to mitigate the effects of gimbal lock, such as changing the rotation

sequence or switching to a different orientation representation. These solutions increase implementation

complexity and do not eliminate the root cause of the problem. For this reason, many modern applications

replace Euler angles with quaternion-based representations.
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3. Quaternions

The concept of the quaternion was first introduced by Hamilton in the 19th century [5] [6]. Quaternions

constitute an extension of complex numbers. They are composed of one real part and three imaginary

parts, forming a four-dimensional linear space. In honor of their creator, the set of quaternions is denoted

by Hamilton’s symbol H.

3.1. Definition of a Quaternion

A quaternion in its algebraic form is defined as:

q̄ = w + xî+ yĵ + zk̂ (3.1)

where î, ĵ, and k̂ denote the imaginary quaternion units corresponding to the three spatial directions.

They satisfy the relations:

i2 = j2 = k2 = −1 (3.2)

and
ij = k, ji = −k

jk = i, kj = −i

ki = j, ik = −j

(3.3)

as well as

i ̸= j ̸= k (3.4)

The quantities w, x, y, and z are the real-valued components of the quaternion, with w representing its

real part.

One geometric interpretation of a unit quaternion identifies its imaginary part with a vector in

three-dimensional space. For a unit quaternion, the normalization condition implies that all admissi-

ble component values lie on the unit hypersphere in four-dimensional space. The imaginary part can

therefore be interpreted as a point in three-dimensional space.
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A quaternion is often written as the sum of a scalar part and a vector part:

q̄ = (w, v̄) (3.5)

where v̄ = [x, y, z] is the vector part of the quaternion. This decomposition into real and imaginary

components is particularly useful when performing quaternion multiplication, along with several other

operations discussed later in this chapter.

3.2. Basic Algebraic Properties

To work effectively with quaternion algebra, it is necessary to define and describe the fundamental ma-

thematical operations. The essential operations performed within the quaternion field are listed below

[5]:

1. Multiplication by a scalar:

sq̄ = (sw, sv̄) (3.6)

where s ∈ R;

2. Addition of quaternions:

q̄1 + q̄2 = (w1 + w2, v̄1 + v̄2) (3.7)

where q̄1 = (w1, v̄1), q̄2 = (w2, v̄2);

3. Multiplication of quaternions:

q̄1q̄2 = (w1w2 − v̄1v̄2, w1v̄2 + w2v̄1 + (v̄1 × v̄2)) (3.8)

4. Conjugate of a quaternion:

q̄∗ = (w,−v̄) (3.9)

5. The norm of a quaternion:

∥q̄∥ =
√︁
q̄q̄∗ (3.10)

In this work, the primary focus is on the case of a normalized quaternion, i.e., a quaternion for which:

∥q̄∥ = 1 (3.11)

The normalization condition ensures that the rotation represented by the quaternion preserves the length

of the rotated vector.
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3.3. Quaternion Kinematics Equation

The rotation of a vector described using a quaternion can be expressed as:

x̄′ = q̄x̄q̄∗ (3.12)

This is the standard equation describing the rotation of a vector x, commonly used in the differential

kinematics of rigid bodies [7]. Differentiating the equation (3.12) yields [8]:

˙̄x′ =
d

dt
(q̄x̄q̄∗) = ˙̄qx̄q̄∗ + q̄x̄ ˙̄q∗ (3.13)

Using the normalization condition (3.11), we obtain:

˙̄x = ˙̄q(q̄∗q̄)x̄q̄∗ + q̄x̄(q̄∗q̄) ˙̄q∗ = ˙̄qq̄∗(q̄x̄q̄∗) + (q̄x̄q̄∗)q̄ ˙̄q∗ (3.14)

Substituting relation 3.12 into equation 3.14 gives:

˙̄x = ˙̄qq̄∗x̄′ + x̄′q̄ ˙̄q∗ (3.15)

From the conjugation identity (3.9), it follows that:

d

dt
(q̄q̄∗) = ˙̄qq̄∗ + q̄ ˙̄q∗ = 0 =⇒ q̄ ˙̄q∗ = − ˙̄qq̄∗ (3.16)

Inserting this relation into equation 3.15 yields:

˙̄x = ˙̄qq̄∗x̄′ − x̄′ ˙̄qq̄∗ = Ω̄x̄′ − x̄′Ω̄ (3.17)

where Ω̄ := ˙̄qq̄∗.

Using the properties of quaternion multiplication (3.8) in the body-fixed frame, the following identity

holds [7]:

Ω̄x̄′ − x̄′Ω̄ = (−Ω̄ · x̄′ − (−Ω̄ · x̄′), Ω̄× x̄′ + Ω̄× x̄′) = (0, 2Ω̄× x̄′) (3.18)

Furthermore, according to classical mechanics [2], the derivative of the vector x′ in the rotational motion

of a rigid body satisfies:
˙̄x′ = ω̄ × x̄′ (3.19)

where ω̄ is the angular velocity of the rotational motion. The angular-velocity vector can be represented

as a quaternion by mapping its three components to the imaginary coordinates and adding a real part

equal to zero. Thus, relation 3.19 can be written as:

ẋ′ = ω̄q × x̄′ = (0, ω̄q × x̄′) (3.20)

where ω̄q = [0, ω̄]T . Comparing equations 3.18 and 3.20, we obtain:

Ω̄ =
1

2
ω̄q (3.21)
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Finally, the quaternion kinematics equation is obtained:

˙̄q =
1

2
ω̄q q̄ (3.22)

Equation 3.22 forms the basis for implementing the quaternion-based model used in this work. In contrast

to the Euler-angle approach, where the state variables are the angles describing successive rotations, the

quaternion model integrates the quaternion components and the angular velocity of the body directly.

This allows the orientation to be determined continuously, without singularities in the representation.

3.4. Limitations of Quaternions

Quaternions express rotation as an angle about a specified axis, which in many cases provides a far

more intuitive and natural way of representing spatial orientation than the more intricate operations

involving Euler angles [4]. In contrast to Euler angles, quaternions do not require selecting a sequence of

rotations and are particularly useful for orientation interpolation and object animation. They also allow

for efficient numerical implementation. Moreover, they offer simple interpolation methods, enabling an

elegant formulation of smooth transitions, and they support more computationally efficient numerical

procedures. Their greatest advantage is undoubtedly the absence of gimbal lock, which makes them

robust against singularities in the representation.

Nevertheless, the method is not without limitations. The fundamental constraint of quaternions is that

they describe only the orientation of a rigid body. To represent both orientation and position simultane-

ously, an extended representation is required. This issue is addressed by dual quaternions, which enable

the combined description of translation and rotation within a single algebraic entity.
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4. Dual Quaternions

Dual quaternions are an extension of classical quaternions, constructed on the basis of dual-number

algebra. For this reason, before discussing their properties, it is necessary to present the fundamental

concepts related to dual numbers, which form the foundation for the construction of dual quaternions.

4.1. Dual Numbers

A dual number is defined as an element composed of two components: a real component R and a dual

component D [9]. A dual number is written in the form:

â = ar + εad (4.1)

where ar, ad ∈ R, ε ∈ D. The quantity ar is the real part of the dual number, while ad is its dual part.

The symbol ε denotes the dual unit, which satisfies ε2 = 0 but ε ̸= 0. Given two dual numbers of the

form â = ar + εad and b̂ = br + εbd, their algebraic relations can be written as follows:

1. Equality:

â = b̂ ⇐⇒ ar = br ∧ ad = bd, (4.2)

2. Addition:

â+ b̂ = (ar + εad) + (br + εbd) = (ar + br) + ε(ad + bd), (4.3)

3. Multiplication:

âb̂ = (ar + εad)(br + εbd) = arbr + ε(arbd + adbr), (4.4)

4. Division:
â

b̂
=
ar + εad
br + εbd

=
ar
br

+ ε

(︃
ad
br

− arbd
b2r

)︃
, (4.5)

Assuming that br ̸= 0.

4.2. Algebra of Dual Quaternions

By combining the algebra of dual numbers with quaternion algebra, one obtains dual quaternions, first

introduced by Clifford in 1882 [5]. In contrast to classical quaternions, which describe only the orienta-

tion of a rigid body, dual quaternions are capable of representing both rotational and translational motion.
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A dual quaternion consists of a real part and a dual part, each of which is itself a quaternion. Mathema-

tically, it is written as:

q̂ = q̄r + εq̄d (4.6)

As noted in the previous subsection, ε2 = 0 and ε ̸= 0. The term q̄r is the real component that simul-

taneously represents the rotation quaternion of the object. The dual part q̄d contains information about

translation, and its value depends on the orientation described by the real part according to:

q̄d =
1

2
q̄tr q̄

∗
r (4.7)

where q̄tr is a purely imaginary translation quaternion describing the displacement vector [9].

The basic algebraic operations on dual quaternions are analogous to those presented in subsection 4.1:

1. Multiplication by a scalar:

sq̂ = sq̄r + sεq̄d (4.8)

where s is a scalar;

2. Addition:

q̂1 + q̂2 = q̄r,1 + q̄r,2 + ε(q̄d,1 + q̄d,2) (4.9)

where q̂1 = q̄r,1 + εq̄d,1, q̂2 = q̄r,2 + εq̄d,2;

3. Multiplication:

q̂1q̂2 = q̄r,1q̄r,2 + ε(q̄r,1q̄d,2 + q̄r,2q̄d,1) (4.10)

4. Conjugation:

q̂∗ = q̄∗r + εq̄∗d (4.11)

5. Norm:

∥q̂∥ = q̂q̂∗ (4.12)

6. Normalization:

∥q̂∥ = 1 ⇐⇒ q̄∗r q̄d + q̄r q̄
∗
d = 0 (4.13)

The normalization condition ensures that a dual quaternion represents a valid rigid-body transfor-

mation, encompassing both rotation and translation.
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4.3. Applications of Dual Quaternions

A dual quaternion eliminates the fundamental limitation of a classical quaternion, namely its ability to

describe only the orientation of a rigid body. A dual quaternion enables the simultaneous representation

of both the position and orientation of a rigid body, which is why it is widely used in rigid-body dynamics

in fields such as robotics [10], aeronautics and astronautics [11], and even biomedical engineering [12].

Moreover, the action of a dual quaternion can be interpreted geometrically in a straightforward man-

ner. The component q̄r in equation 4.6 describes the orientation of the body, whereas the componentq̄d
corresponds to the translation of the system [9].

Rys. 4.1. An example visualization of a vector transformation using a dual quaternion.

The dashed line indicates the axis resulting from the pure rotation of the vector v̄.

The figure presents an example of how a transformation described by a dual quaternion can be interpreted.

In the first stage, the real part of the dual quaternion q̄r describes the rotation of the vector v̄ about a

specified axis. This operation yields an intermediate position, indicated in the figure by the dashed line.

Next, the dual part q̄d introduces the translational component, determined by the chosen displacement

vector. This translation shifts the rotated vector to its final position. In this way, a dual quaternion enables

the simultaneous representation of two operations: the rotation encoded in q̄r and the translation encoded

in q̄d.

Thanks to their ability to represent translation and rotation within a single algebraic object, dual quater-

nions have become one of the most commonly used representations in robotics, computer graphics, and

mechanical system modeling.
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5. Kinematics and Dynamics Modeling of a Spinning Top

5.1. Kinematic Model

A spinning top is a rigid body performing rotational motion around a fixed point. The system is subjected

to the moment of gravitational force with respect to the support point. The interaction between this

moment and the angular momentum of the rotating top causes the direction of its rotation axis to change,

resulting in precessional motion.

Assuming a right-handed global coordinate system xyz and a local system ξηζ with the same orientation,

the top performs the following three rotational motions:

1. Precession (denoted by the angle ψ) is the phenomenon of changing the direction of the rigid

body’s rotation axis. Geometrically, it is represented as the angle between the global x-axis and

the body’s line of nodes ξ′. The precession angular velocity vector is aligned with the global z-axis;

2. Nutation (denoted by the angle θ) describes the change in the inclination of the top’s symmetry

axis relative to the vertical z-axis of the global frame. Thus, θ is the angle between the axes z and

ζ. The direction of the nutation angular velocity lies along the line of nodes.

3. Spin motion (denoted by the angle φ) is the rotation about the top’s own symmetry axis. It is the

angle between the line of nodes and the local ξ-axis, and the corresponding angular velocity vector

is parallel to the local ζ-axis.

Since the body does not undergo translational motion (the tip of the top is fixed), the system has a total

of three degrees of freedom.
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Rys. 5.1. Kinematic model of the spinning top. The global coordinate system is deno-

ted by xyz, while the local coordinate system attached to the top is ξηζ. The axis ξ′
represents the nodal line of the body and simultaneously the projection of the ξ axis

onto the plane xy.

5.2. Analytical Solution — Euler Angles

5.2.1. System’s Energy

To describe the motion of a spinning top using Euler angles, the rotation sequence ZψXθZφ is commonly

used [13]. The rotation matrix R, being the product of these matrices, can be written as:

R = ZψXθZφ =

⎡⎢⎢⎣
cosψ − sinψ 0

sinψ cosψ 0

0 0 1

⎤⎥⎥⎦
⎡⎢⎢⎣
1 0 0

0 cos θ − sin θ

0 sin θ cos θ

⎤⎥⎥⎦
⎡⎢⎢⎣
cosφ − sinφ 0

sinφ cosφ 0

0 0 1

⎤⎥⎥⎦ (5.1)

The components of the angular velocity vector are obtained by expressing the precession, nutation, and

spin velocities in the local frame ξηζ. The precession angular velocity ˙̄ψ is aligned with the global z-axis.

Expressing this axis in the local frame yields:

˙̄ψ =

⎡⎢⎢⎣
ψ̇ξ

ψ̇η

ψ̇ζ

⎤⎥⎥⎦ =

⎡⎢⎢⎣
ψ̇ sin θ sinφ

ψ̇ sin θ cosφ

ψ̇ cos θ

⎤⎥⎥⎦ . (5.2)
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The nutation angular velocity ˙̄θ is aligned with the line of nodes ξ′. Expressing this line in the local frame

gives:

˙̄θ =

⎡⎢⎢⎣
θ̇ξ

θ̇η

θ̇ζ

⎤⎥⎥⎦ =

⎡⎢⎢⎣
θ̇ cosφ

−θ̇ sinφ
0

⎤⎥⎥⎦ (5.3)

The spin angular velocity ˙̄φ is aligned with the local ζ-axis.

˙̄φ =

⎡⎢⎢⎣
0

0

φ̇

⎤⎥⎥⎦ . (5.4)

Summing the components of precession, nutation, and spin yields the angular velocity vector expressed

in the local frame:

ω̄ = ˙̄θ + ˙̄ψ + ˙̄φ =

⎡⎢⎢⎣
θ̇ cosφ

−θ̇ sinφ
0

⎤⎥⎥⎦+

⎡⎢⎢⎣
ψ̇ sin θ sinφ

ψ̇ sin θ cosφ

ψ̇ cos θ

⎤⎥⎥⎦+

⎡⎢⎢⎣
0

0

φ̇

⎤⎥⎥⎦ =

⎡⎢⎢⎣
θ̇ cosφ+ ψ̇ sin θ sinφ

−θ̇ sinφ+ ψ̇ sin θ cosφ

ψ̇ cos θ + φ̇

⎤⎥⎥⎦ (5.5)

For a symmetric top, the principal moments of inertia satisfy Iξ = Iη ̸= Iζ . The kinetic energy in the

body-fixed frame is therefore:

T =
1

2
Iξ(ξ̇

2 + η̇2) +
1

2
Iζ ζ̇

2 (5.6)

where ⎡⎢⎢⎣
ξ̇

η̇

ζ̇

⎤⎥⎥⎦ :=

⎡⎢⎢⎣
θ̇ cosφ+ ψ̇ sin θ sinφ

−θ̇ sinφ+ ψ̇ sin θ cosφ

ψ̇ cos θ + φ̇

⎤⎥⎥⎦ = ω̄ (5.7)

After substituting and simplifying, the kinetic energy becomes:

T =
1

2
Iξ(θ̇

2 + ψ̇2 sin2 θ) +
1

2
Iζ(φ̇+ ψ̇ cos θ)2 (5.8)

The same expression can be obtained more directly by aligning the ξ-axis with the line of nodes ξ′, which

leads to the angular velocity vector[13]:

ω̄ =

⎡⎢⎢⎣
θ̇

ψ̇ sin θ

φ̇+ ψ̇ cos θ

⎤⎥⎥⎦ (5.9)

The potential energy of the system is:

V = mgl cos θ (5.10)

where m is the mass of the system, g is the gravitational acceleration, and l is the distance between the

system’s center of mass and the origin of the coordinate frame.
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5.2.2. Dynamics Equations

For the considered system, the Lagrange equations of the second kind are used. In the literature, the

Lagrange equations are typically written in the form:

d

dt

∂L

∂q̇i
− ∂L

∂qi
= Qi (5.11)

where L = T − V is the Lagrangian, qi denotes the generalized coordinate of the system, and Qi is

the generalized force not derived from the potential [2]. Since no non-potential forces act on the system,

Qi = 0.

For the analyzed system, the following generalized coordinates were adopted: qi = {ψ, θ φ}.

For the nutation coordinate, one obtains:

d

dt

∂L

∂θ̇
= I1θ̈,

∂L

∂θ
= I1ψ̇

2 sin θ cos θ + I3(φ̇+ ψ̇ cos θ)(−ψ̇ sin θ)−mgl sin θ (5.12)

thus

d

dt

∂L

∂θ̇
− ∂L

∂θ
= I1θ̈ − I1ψ̇

2 sin θ cos θ + I3ψ̇ sin θ(φ̇+ ψ̇ cos θ) +mgl sin θ = 0 (5.13)

Equation for Precession:

d

dt

∂L

∂ψ̇
− ∂L

∂ψ
=

d

dt

(︂
I1ψ̇ sin2 θ + I3(φ̇+ ψ̇ cos θ) cos θ

)︂
= 0

=⇒ I1ψ̇ sin2 θ + I3(φ̇+ ψ̇ cos θ) cos θ = const
(5.14)

And equation for Spin Motion

d

dt

∂L

∂φ̇
− ∂L

∂φ
=

d

dt

(︂
I3(φ̇+ ψ̇ cos θ)

)︂
= 0

=⇒ I3(φ̇+ ψ̇ cos θ) = const
(5.15)

After transforming the equations of motion, one obtains the following system of second-order differential

equations, which can be directly implemented in the simulation model:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
θ̈ = ψ̇2 sin θ cos θ − I3

I1
ψ̇ sin θ(φ̇+ ψ̇ cos θ) + mgl

I1
sin θ

ψ̈ = 1
I1 sin θ

(︂
−2I1ψ̇ cos θθ̇ + I3θ̇(φ̇+ ψ̇ cos θ)

)︂
φ̈ = −ψ̈ cos θ + ψ̇ sin θθ̇

(5.16)

In this form, the equations describe the generalized accelerations corresponding to nutation, precession,

and spin motion of the top.
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5.3. Analytical Solution — Quaternion Representation

In contrast to the Euler-angle-based formulation, the orientation of the spinning top is described using

a single unit quaternion. This eliminates representation singularities and replaces the three Euler angles

with four quaternion components satisfying the normalization condition.

The mathematical model is divided into two parts. First, the equations governing the evolution of the top’s

orientation are derived from quaternion kinematics. Next, using Euler’s rigid-body dynamic equations,

the equations describing the evolution of angular velocity are obtained.

5.3.1. Kinematic Equations

A single unit quaternion with four normalized components is sufficient to describe the orientation of

the top. Since the equations of motion are second-order differential equations, the numerical model is

extended by three angular-velocity components. As a result, the state vector of the numerical model

consists of seven variables.

The angular-velocity vector ω̄ can be rewritten in quaternion form by assigning the components ξ̇, η̇, ζ̇

(expressed in the body-fixed frame) to the imaginary part of the quaternion and setting the real part

to zero. Thus, the angular velocity and the orientation of the top can be represented by the following

quaternions:

ω̄q =

⎡⎢⎢⎢⎢⎢⎣
0

ξ̇

η̇

ζ̇

⎤⎥⎥⎥⎥⎥⎦ , q̄ =

⎡⎢⎢⎢⎢⎢⎣
w

x

y

z

⎤⎥⎥⎥⎥⎥⎦ (5.17)

Using the properties of quaternion multiplication 3.8, the real part of the product 3.22 is:

Re( ˙̄q) = 0 · w − q̄ ◦ ω̄ = −ξ̇x− η̇y − ζ̇z (5.18)

and the imaginary part is:

Im( ˙̄q) = w

⎡⎢⎢⎣
ξ̇

η̇

ζ̇

⎤⎥⎥⎦−

⎡⎢⎢⎣
ξ̇

η̇

ζ̇

⎤⎥⎥⎦×

⎡⎢⎢⎣
x

y

z

⎤⎥⎥⎦ =

⎡⎢⎢⎣
ξ̇w

η̇w

ζ̇w

⎤⎥⎥⎦−

⎡⎢⎢⎣
η̇z − ζ̇y

ζ̇x− ξ̇z

ξ̇y − η̇x

⎤⎥⎥⎦ =

⎡⎢⎢⎣
ξ̇w + ζ̇y − η̇z

η̇w + ξ̇z − ζ̇x

ζ̇w + η̇x− ξ̇y

⎤⎥⎥⎦ (5.19)

This yields the final form of the quaternion derivative:

˙̄q =
1

2

⎡⎢⎢⎢⎢⎢⎣
−(ξ̇x+ η̇y + ζ̇z)

ξ̇w + η̇z − ζ̇y

η̇w + ζ̇x− ξ̇z

ζ̇w + ξ̇y − η̇x

⎤⎥⎥⎥⎥⎥⎦ (5.20)

The obtained equation describes the evolution of the top’s orientation over time and constitutes the

quaternion-based counterpart of the Euler-angle kinematic equations. It forms a system of four first-order
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differential equations for the quaternion components. To solve it, only the current angular velocity expres-

sed in the body-fixed frame is required. During numerical integration, this equation is solved simultane-

ously with the dynamic equations that provide the angular velocity derivatives. This allows the orientation

of the top to be determined at every moment of the simulation without relying on Euler angles.

5.3.2. Dynamic Equations

After deriving the kinematic equations describing the evolution of orientation, it is necessary to obtain

the equations governing the evolution of angular velocity. For this purpose, Euler’s rigid-body dyna-

mic equations expressed in the body-fixed frame are used. Their solution provides the angular velocity

derivatives, which, together with the kinematic equations, form the complete simulation model.

The dynamics of spherical motion with a single fixed point are described by Euler’s equation [2], [3]:

Ī ˙̄ω + ω̄ × (Īω̄) = M̄ (5.21)

where M̄ is the resultant external moment acting on the system, and Ī is the inertia tensor, which for a

symmetric top expressed in the principal-axis frame is:

Ī =

⎡⎢⎢⎣
Iξ 0 0

0 Iξ 0

0 0 Iζ

⎤⎥⎥⎦ (5.22)

Multiplying both sides by the inverse inertia matrix yields the angular-acceleration vector:

˙̄ω = Ī−1
(︁
M̄ − ω̄ × (Īω̄)

)︁
(5.23)

The external moment is given by:

M̄ = r̄ × (mḡb) (5.24)

where r̄ = [0, 0, l], and ḡb is the gravitational acceleration vector expressed in the body-fixed frame. This

vector can be obtained by transforming the global gravitational vector using the rotation matrix R(q̄)

[14]:

ḡb = RT (q̄) · ḡ (5.25)

where ḡ = [0, 0,−g] and

R(q̄) =

⎡⎢⎢⎣
1− 2(y2 + z2) 2(xy − wz) 2(xz + wy)

2(xy + wz) 1− 2(x2 + z2) 2(yz − wx)

2(xz − wy) 2(yz + wx) 1− 2(x2 + y2)

⎤⎥⎥⎦ (5.26)
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Substituting yields:

ḡb = RT (q̄) · ḡ =

⎡⎢⎢⎣
1− 2(y2 + z2) 2(xy + wz) 2(xz − wy)

2(xy − wz) 1− 2(x2 + z2) 2(yz + wx)

2(xz + wy) 2(yz − wx) 1− 2(x2 + y2)

⎤⎥⎥⎦
⎡⎢⎢⎣

0

0

−g

⎤⎥⎥⎦ =

= −g

⎡⎢⎢⎣
2(xz − wy)

2(yz + wx)

1− 2(x2 + y2)

⎤⎥⎥⎦
(5.27)

The resulting external moment is:

M̄ = r̄ × (mḡb) =

⎡⎢⎢⎣
0

0

l

⎤⎥⎥⎦×−g

⎡⎢⎢⎣
2(xz − wy)

2(yz − wx)

1− 2(x2 + y2)

⎤⎥⎥⎦ = 2mgl

⎡⎢⎢⎣
wx+ yz

wy − xz

0

⎤⎥⎥⎦ (5.28)

The cross-product term is:

ω̄ × (Īω̄) =

⎡⎢⎢⎣
ξ̇

η̇

ζ̇

⎤⎥⎥⎦×

⎡⎢⎢⎣
I1ξ̇

I1η̇

I3ζ̇

⎤⎥⎥⎦ =

⎡⎢⎢⎣
(I3 − I1)η̇ζ̇

(I1 − I3)ξ̇ζ̇

0

⎤⎥⎥⎦ (5.29)

Finally, combining these expressions yields the angular-acceleration vector:

˙̄ω = Ī−1
(︁
M̄ − ω̄ × (Īω̄)

)︁
=

⎡⎢⎢⎣
I−1
1 0 0

0 I−1
1 0

0 0 I−1
3

⎤⎥⎥⎦
⎡⎢⎢⎣
2mgl(wx+ yz)− (I3 − I1)η̇ζ̇

2mgl(wy − xz)− (I1 − I3)ξ̇ζ̇

0

⎤⎥⎥⎦ =

⎡⎢⎢⎣
2mglI1

(wx+ yz)− (I3−I1)
I1

η̇ζ̇

2mglI1
(wy − xz)− (I3−I1)

I1
ξ̇ζ̇

0

⎤⎥⎥⎦
(5.30)

M. Posłuszny Quaternions in mathematical modeling of rotary machines



26 5.4. Numerical Computations

5.4. Numerical Computations

The equations of motion derived using Euler angles and quaternions were implemented in MATLAB

R2025a. Both models were solved using the fourth-order Runge–Kutta method with a constant integra-

tion step of 10−4 [s].

The implementation of the Euler-angle model included:

1. Defining model parameters and initial conditions,

2. Computing angular accelerations from the equations of motion,

3. Converting the system to first-order differential equations,

4. Performing numerical integration using the fourth-order Runge–Kutta method,

5. Determining the time histories of angles, angular velocities, energy, and the motion trajectory.

In the quaternion-based model, the orientation of the top was represented by a unit quaternion. At each

iteration, the rotation matrix, gravitational moment, angular-velocity derivative from Euler’s equation,

and quaternion derivative from the kinematic equation were computed, after which the resulting system

was integrated using the Runge–Kutta method.

Three experiments were performed for each method:

1. A perfectly vertical top with a prescribed spin velocity φ̇ = 50
[︁
rad
s

]︁
,

2. A top tilted by θ = 5◦ with the same spin velocity,

3. A top identical to experiment 2, but with zero gravitational acceleration.

Experiment 2 was used to compare both methods. The angular velocity component η̇, total energy, and

spatial trajectory of the top were analyzed. Additionally, the computation time was measured five times

for each method, and the average value was determined.

5.4.1. Comparison of Time Histories

To compare both methods, the results obtained for experiment 2 were analyzed, where the initial nutation

angle was θ0 = 5◦ and the initial spin velocity was φ̇0 = 50
[︁ rad

s

]︁
. The angular-velocity time histories,

total energy, and spatial trajectory of the top were compared. Furthermore, RMS errors between the

Euler-angle and quaternion solutions were computed.
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Below is a comparison of the angular-velocity time histories η̇ obtained using the Euler-angle method

and the quaternion-based method.

Rys. 5.2. Comparison of the angular-velocity time history η̇ obtained using Euler an-

gles and quaternions.

In order to verify the consistency of the models, the total energy time histories were also compared:

Rys. 5.3. Comparison of the top’s total-energy time histories obtained using the

Euler-angle method and the quaternion-based method.

M. Posłuszny Quaternions in mathematical modeling of rotary machines



28 5.4. Numerical Computations

Additionally, the trajectories of the tip of the top’s symmetry axis obtained using both methods were

compared, allowing for a qualitative assessment of the accuracy of the spatial-motion representation.

Rys. 5.4. Comparison of the trajectory of the tip of the top’s symmetry axis obtained

using the Euler-angle method and the quaternion-based method for experiment 2.

To quantitatively assess the agreement between the two methods, RMS errors were computed for selected

quantities describing the motion of the top:

Quantity Error type Value

θ Relative RMS 7.2 · 10−4[%]

η̇ Absolute RMS 3.9 · 10−9
[︁ rad

s

]︁
E Absolute RMS 1.7 · 10−9[%]

Tabela 5.1. Indicators of agreement between the time histories obtained using the

Euler-angle method and the quaternion-based method for experiment 2.

5.4.2. Comparison of Computation Time

In addition to comparing the obtained time histories, the computation time for both methods was also

evaluated. The results of five consecutive measurements and their average values are presented in the

table below:

Method
Computation time [s]

Measurement 1 MeasurementMeasurement 2 Measurement 3 Measurement 4 Measurement 5 Average

Euler angles 0.117 0.124 0.128 0.122 0.123 0.123

Quaternions 0.081 0.061 0.071 0.058 0.083 0.071

Percentage difference 42.3%

Tabela 5.2. Comparison of computation time for both numerical methods.
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5.4.3. Analysis of Results

Figure 5.2 shows small differences between the time histories obtained using both methods. However,

their magnitude is extremely small and cannot be clearly distinguished at the scale used in the plot. Only

the quantitative analysis presented in Table 5.1 reveals that the deviations are on the order of 10−9–10−8,

which corresponds to numerical error levels.

To quantitatively assess the agreement between the two methods, the root-mean-square (RMS) error was

computed according to:

RMS =

⌜⃓⃓⎷ 1

N

N∑︂
i=1

(xi − yi)2, (5.31)

Where xi and yi denote the corresponding values obtained using the Euler-angle method and the

quaternion-based method. The relative RMS error for the nutation angle was 7.2 · 10−4[%], while the

absolute RMS error for the angular velocity component η̇ was only 3.9 · 10−9
[︁
rad
s

]︁
. The agreement is

also visible in the energy time histories shown in Figure 5.3. The relative RMS error of the total energy

was 1.7 · 10−9[%], indicating that the differences between the methods lie at the level of numerical

precision.

The consistency of both methods is further confirmed by Figure 5.4, which presents the trajectory of

the tip of the top’s symmetry axis. The obtained trajectories practically overlap, demonstrating that both

models correctly reproduce the spatial motion.

In experiment 1, the Euler angle method led to numerical issues. For a nutation angle θ = 0◦, the equation

5.16 contains a division by sin θ, which results in a singularity. This is a classical manifestation of gimbal

lock. The quaternion-based method does not exhibit this problem.

Based on Table 5.2, it can be concluded that in the analyzed case, the quaternion model required less

computation time than the Euler-angle model. The average computation time decreased from 0.123 [s] to

0.071 [s], corresponding to a reduction of approximately 42.3[%]. This indicates that, for the considered

model, quaternions not only eliminate representation singularities but also enable efficient numerical

computation.

M. Posłuszny Quaternions in mathematical modeling of rotary machines



6. Kinematics and Dynamics Modeling of a Rotor

6.1. Kinematic Model of the System

The second analyzed system is an unbalanced rotor rigidly mounted on a shaft supported elastically

on both sides of the disk. The rotor model follows the classical approach used in rotor dynamics, in

which the shaft with the disk is described as an elastically and viscously supported system subjected to

excitation resulting from mass imbalance [15]. The model uses the following three coordinate systems:

1. The global reference frame XY Z, located at one of the support points,

2. The local frame xyz, whose origin is placed at the geometric center of the rotor disk C; this frame

remains parallel to the global frame and is used to describe translational motion of the rotor,

3. The local frame ξηζ is attached to the rotating rotor and is used to describe its rotational motion.

The position of the rotor is described using two translational coordinates, yC and zC , which represent

motion perpendicular to the shaft axis; axial displacement is neglected. Similarly to the previously

analyzed spinning top, the rotational motion of the rotor is described using three motions: precession,

nutation, and spin. The model therefore has two translational degrees of freedom and three rotational

degrees of freedom, giving a total of five degrees of freedom.

The rotor is unbalanced, so the imbalance radius e and its center P are introduced.. This imbalance

generates periodic inertial forces that excite additional vibrations of the system. The shaft support points

are located at distances a and b from the disk center. At the supports, stiffness coefficients ky and kz , and

damping coefficients byandbz are applied along the corresponding axes.
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Rys. 6.1. Kinematic model of the unbalanced rotor. The XY Z frame is the fixed

reference frame associated with the shaft supports. The xyz frame is centered at the

geometric center C of the rotor disk and remains parallel to the global frame. The

ξηζ frame is attached to the rotor and rotates with it. Point P denotes the rotor’s

center of mass, offset from the geometric center C by the imbalance radius e. The

axis ξ′ is the projection of the ξ-axis onto the xy-plane and defines the line of nodes.

The angles ψ, θ and φ describe precession, nutation, and spin, respectively. The shaft

is supported at two points located at distances a and b from the disk center. In the

transverse directions, elastic–damping elements with stiffness coefficients ky , kz and

damping coefficients by , bz are applied.
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6.2. Analytical Solution — Euler Angles

6.2.1. Rotor Kinematics

Small angular deviations of the rotor axis from the equilibrium position are assumed:

|ψ| ≪ 1, |θ| ≪ 1. (6.1)

Thus, linear approximations of trigonometric functions may be used:

sinψ ≈ ψ, sin θ ≈ θ, cosψ ≈ 1, cos θ ≈ 1, (6.2)

and second-order terms are neglected:

ψ2 ≈ 0, θ2 ≈ 0, ψθ ≈ 0. (6.3)

The orientation of the ξηζ frame relative to xyz is described using the rotation matrix Z̄ψȲθX̄φ. Addi-

tionally, the frame is rotated by 90◦ about the vertical z-axis [16]. The rotation matrix is therefore:

R̄ = Z̄ψȲθX̄φ ·

⎡⎢⎢⎣
0 0 1

1 0 0

0 1 0

⎤⎥⎥⎦ (6.4)

The coordinates of point P in the global frame are expressed as the sum of its coordinates in the xyz

frame and the displacement relative to XY Z:⎡⎢⎢⎣
XP

YP

ZP

⎤⎥⎥⎦ =

⎡⎢⎢⎣
0

e cosφ

e sinφ

⎤⎥⎥⎦+

⎡⎢⎢⎣
l

yC

zC

⎤⎥⎥⎦ =

⎡⎢⎢⎣
l

yC + e cosφ

zC + e sinφ

⎤⎥⎥⎦ (6.5)

The velocity of point P is the derivative of this vector:⎡⎢⎢⎣
ẊP

ẎP

ŻP

⎤⎥⎥⎦ =

⎡⎢⎢⎣
0

ẏC − eφ̇ sinφ

żC + eφ̇ cosφ

⎤⎥⎥⎦ (6.6)

The angular-velocity vector in the ξηζ frame is obtained using the rotation matrix R.⎡⎢⎢⎣
ωξ

ωη

ωζ

⎤⎥⎥⎦ =

⎡⎢⎢⎣
sinφ cosφ 0

cosφ − sinφ 0

−θ 0 1

⎤⎥⎥⎦
⎡⎢⎢⎣
ωψ

ωθ

ωφ

⎤⎥⎥⎦ =

⎡⎢⎢⎣
ψ̇ sinφ+ θ̇ cosφ

ψ̇ cosφ− θ̇ sinφ

−θψ̇ + φ̇

⎤⎥⎥⎦ (6.7)

6.2.2. Dynamics Equations

The inertia tensor of the rotor in the principal-axis frame ξηζ is:

Ī =

⎡⎢⎢⎣
I 0 0

0 I 0

0 0 Il

⎤⎥⎥⎦ (6.8)
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Where I is the mass moment of inertia of the rotor disk about the ξ and η axes, and Il is the moment of

inertia of the shaft aligned with the ζ-axis. Based on this, the kinetic energy expressed in the ξηζ frame

can be written as [16]:

T =
1

2
mẏ2C +

1

2
mż2C +

1

2
Iξ̇2 +

1

2
Iη̇2 +

1

2
Ilζ̇

2 +
1

2
mP Ẏ

2
P +

1

2
mP Ż

2
P (6.9)

Where mP is the mass of the imbalance point. Substituting expressions 6.6 and 6.7 yields:

T =
1

2
mẏ2C +

1

2
mż2C +

1

2
I(ψ̇ sinφ+ θ̇ cosφ)2 +

1

2
I(ψ̇ cosφ− θ̇ sinφ)2+

1

2
Il(φ̇− ψ̇θ)2 +

1

2
mP (ẏC − eφ̇ sinφ)2 +

1

2
mP (żC + eφ̇ cosφ)2

(6.10)

The potential energy is given by:

V =
1

2
ky(yC + ψa)2 +

1

2
ky(yC − ψb)2 +

1

2
kz(zC + θa)2 +

1

2
kz(zC − θb)2 (6.11)

The dissipation function is:

N = by(ẏC + ψ̇a)2 + by(ẏC − ψb)2 + bz(żC + θ̇a)2 + bz(żC − θb)2 (6.12)

Additionally, the system is subjected to a forcing term whose components are:

Q̄ =

⎡⎢⎢⎣
Qx

Qy

Qz

⎤⎥⎥⎦ = mP e

⎡⎢⎢⎣
0

φ̇2 cosφ+ φ̈ sinφ

φ̇2 sinφ− φ̈ cosφ

⎤⎥⎥⎦ (6.13)

The Lagrange equations of the second kind take the form:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

(m+mP )ÿC + 2kyyC + ky(a− b)ψ + 2by ẏC + by(a− b)ψ̇ −mP e(φ̈ sinφ+ φ̇2 cosφ) = 0

(m+mP )z̈C + 2kzzC + kz(a− b)θ + 2bz żC + bz(a− b)θ̇ −mP e(φ̇
2 sinφ− φ̈ cosφ) = 0

Iψ̈ − Ilφ̇θ̇ + kyyC(a− b) + ky(a
2 + b2)ψ + by ẏC(a− b) + by(a

2 + b2)ψ̇ = 0

Iθ̈ + Ilφ̇ψ̇ + kzzC(a− b) + kz(a
2 + b2)θ + by żC(a− b) + by(a

2 + b2)θ̇ = 0

Il(φ̈− θψ̈ − θ̇ψ̇)−Mzewn = 0

(6.14)

These equations are used to determine the accelerations of the rotor’s state variables.

6.3. Analytical Solution — Dual Quaternion Representation

IIn the dual quaternion-based model, the rotor’s orientation is described by the real part of the dual

quaternion, while the position of the geometric center of the disk is represented by its dual part. In

contrast to the Euler-angle-based approach, where position and orientation are described separately using

translational coordinates and angles, the dual quaternion allows both types of information to be expressed

within a single algebraic structure.
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The simulation model consists of two parts. The first part describes the kinematics, i.e., the method for

determining the derivatives of the real and dual parts of the dual quaternion. The second part describes

the dynamics, i.e., the computation of translational accelerations of the rotor center and the derivatives

of angular velocity based on the forces and moments acting on the rotor.

6.3.1. Kinematic Equations of the Model

Because the system has five degrees of freedom, a single quaternion is insufficient to describe its dyna-

mics. For this reason, a dual quaternion is used, whose algebra is presented in Section 4.2.

From equation 3.22 , the real part of the dual quaternion is:

˙̄qr =
1

2
q̄rω̄q (6.15)

and from equation 4.7, the dual part is:

q̄d =
1

2
r̄C q̄r =⇒ ˙̄qd =

1

2
( ˙̄rC q̄r + r̄C ˙̄qr) (6.16)

Where r̄C , ω̄q are the quaternions corresponding to the translational displacement of the rotor center and

the angular velocity of the rotor, respectively:

r̄C =

⎡⎢⎢⎢⎢⎢⎣
0

xC

yC

zC

⎤⎥⎥⎥⎥⎥⎦ , ω̄q =

⎡⎢⎢⎢⎢⎢⎣
0

ωξ

ωη

ωζ

⎤⎥⎥⎥⎥⎥⎦ (6.17)

The quaternionr̄C serves as the translational component of the dual quaternion in equation 6.16.

6.3.2. Rotational Motion Equations

The position of an arbitrary point D belonging to the shaft axis can be determined from:

r̄D = r̄C + R̄ρ̄
(l)
D (6.18)

where R̄ is the rotation matrix obtained from the quaternion q̄r according to the relation 5.26, and ρ̄(l)D is

the position vector of point D relative to point C, the geometric center of the rotor.

The velocity of point D is:

˙̄rD = ˙̄rC + R̄(ω̄q × ρ̄
(l)
d ) (6.19)

Accordingly, the coordinates of the two shaft endpoints A,B can be written as:

ρ̄
(l)
A =

⎡⎢⎢⎣
a

0

0

⎤⎥⎥⎦ , ρ̄
(l)
B =

⎡⎢⎢⎣
−b
0

0

⎤⎥⎥⎦ . (6.20)
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The elastic–damping forces acting at the supports are described by:

F̄A =

⎡⎢⎢⎣
0

−kyyA − byẏA

−kzzA − bz żA

⎤⎥⎥⎦ , F̄B =

⎡⎢⎢⎣
0

−kyyB − byẏB

−kzzB − bz żB

⎤⎥⎥⎦ (6.21)

The displacements yA, yB and velocities ẏA, ẏB are obtained from relations 6.18 and 6.19.

The resultant elastic–damping force is:

F̄s = F̄A + F̄B (6.22)

The moment of the elastic–damping forces with respect to the rotor center is:

M̄s = ρ̄
(g)
A × F̄A + ρ̄

(g)
B × F̄B (6.23)

where ρ̄(g)A , ρ̄
(g)
B are the coordinates of the rotor endpoints in the global frame, expressed as:

ρ
(g)
A = Rρ

(l)
A , ρ

(g)
B = Rρ

(l)
B . (6.24)

The moment of forces in the rotor-fixed frame is:

M̄ (l)
s = R̄TM̄ (g)

s . (6.25)

The total moment acting on the rotor is the sum of the elastic–damping moment and the driving moment:

M̄ = M̄ (l)
s +

⎡⎢⎢⎣
Mdrive

0

0

⎤⎥⎥⎦ (6.26)

In this model, the dual quaternion is used to describe the configuration of the rotor, i.e., to simul-

taneously represent its orientation and translation. The dynamics equations, however, remain in the

classical Newton–Euler form. This means that the dual quaternion does not replace the dynamic equ-

ations; instead, it provides the kinematic quantities required to determine position, orientation, and

configuration-dependent variables.

According to the Euler equation for rigid-body dynamics 5.21, the derivative of the angular-velocity

vector is:
˙̄ω = Ī−1

(︁
M̄ − ω̄ × (Īω̄)

)︁
, (6.27)

6.3.3. Translational Motion Equations

The position of the imbalance point relative to the rotor center is described in the local frame as:

r̄
(l)
P =

⎡⎢⎢⎣
0

e cosφ

e sinφ

⎤⎥⎥⎦ (6.28)
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The relative acceleration of the imbalance point in the global frame is:

¨̄r
(g)
P = R

(︂
˙̄ω × r̄

(l)
P + ω̄ × (ω̄ × r̄

(l)
P )

)︂
(6.29)

The inertial force resulting from the imbalance is:

F̄u = −mP ¨̄r
(g)
P (6.30)

Thus, the translational motion equations of the rotor center are:

ÿC =
F̄s,y + F̄u,y
m+mP

, z̈C =
F̄s,z + F̄u,z
m+mP

. (6.31)

The position of the rotor center is obtained from the dual part of the dual quaternion; however, the

translational motion equations themselves follow directly from Newton’s second law. The use of dual

quaternions does not alter the form of these equations — it merely enables a unified representation of

translation and rotation within a single mathematical structure.
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6.4. Numerical Computations

To assess the correctness of the developed dual-quaternion model, a comparison was carried out between

the results obtained using both methods of describing the rotor motion. The analysis was performed for

two sets of initial conditions corresponding to small and large deviations of the rotor axis. Zero initial

translational displacements and velocities were assumed, as well as zero initial values of the precession

and spin angles and angular velocities. For both cases, the time histories of the nutation angle θ and the

rotor-center displacement zC were compared. The computation times required to perform the numerical

simulations were also evaluated.

The implementation of the Euler-angle-based model proceeded through the following steps:

1. Definition of the model parameters and specification of the initial conditions.

2. Determination of translational and angular accelerations based on the equations of motion.

3. Transformation of the system into a set of first-order differential equations.

4. Numerical integration using the fourth-order Runge–Kutta method.

5. Computation of the time histories of displacements, velocities, and rotor orientation.

The implementation of the dual-quaternion-based model consisted of the following stages:

1. Definition of the model parameters and specification of the initial position and orientation of the

rotor in the form of a dual quaternion.

2. Determination of the rotor-center position and the rotation matrix from the real and dual parts of

the dual quaternion.

3. Computation of the support-point positions, elastic–damping forces, and the moments acting on

the rotor.

4. Evaluation of the derivatives of the real and dual parts of the dual quaternion, the derivatives of

angular velocity, and the translational accelerations.

5. Transformation of the system into a set of first-order differential equations.

6. Numerical integration using the fourth-order Runge–Kutta method.

7. Computation of the time histories of displacements and rotor orientations.
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6.4.1. Comparison of Time Histories

To evaluate the consistency of both models, a comparison was performed between the time histories

obtained using Euler angles and dual quaternions. The simulations were carried out for identical geome-

tric and dynamic parameters, as well as identical initial conditions. The analysis was conducted for two

values of the initial rotor-axis deviation, corresponding to small and large angular displacements. The

simulation time interval was 0.1[s], which allows for the observation of the system’s transient response

and assessment of the agreement between both methods in the initial phase of motion.

Rys. 6.2. Comparison of the results obtained using the Euler-angle method and the

dual-quaternion method. From left to right, top to bottom: (1) Time history of the

nutation angle θ for small deviations, (2) Time history of the nutation angle θ for large

deviations, (3) Rotor-center displacement zC for small deviations, (4) Rotor-center

displacement zC for large deviations.
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6.4.2. Comparison of Computation Time

In addition to comparing the obtained time histories, an analysis of the computation time of both models

was performed. For each method, five independent measurements of the simulation time were carried out,

and their average value was then determined. The obtained results are summarized in the table below:

Method
Computation time [s]

Measurement 1 Measurement 2 Measurement 3 Measurement 4 Measurement 5 Average

Euler angles 0.022 0.023 0.018 0.018 0.024 0.021

Dual quaternion 0.198 0.191 0.181 0.200 0.179 0.190

Percentage difference 88.9%

Tabela 6.1. Comparison of computation time for both numerical methods.

6.4.3. Analysis of Results

Based on Figure 6.2, for small initial deviations of the rotor axis, the two methods exhibit practically

complete agreement. The time histories of the nutation angle θ and the rotor-center displacement zC
overlap throughout the entire analyzed time interval. This confirms the correctness of the implementation

of the dual-quaternion-based model. For larger deviations, differences between the solutions become

visible, resulting from the approximations used in the Euler-angle-based model. These discrepancies

arise because the Euler-angle model was derived under the assumption of small angles, whereas in the

dual-quaternion model, the rotor orientation is computed directly from the quaternion.

However, it should be noted that, in the analyzed case, the computation time favors the Euler-angle-based

model. From Table 6.1, it follows that the computation time required to perform the simulation using the

dual-quaternion model is, on average, nearly nine times greater than that for the Euler-angle model. This

means that the more accurate representation of rotor motion is obtained at the cost of significantly higher

computational complexity.
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7. Summary

The conducted analyses confirmed that both the classical description of rigid-body motion using Euler

angles and the formulations based on quaternions and dual quaternions allow for correct modeling of the

systems under consideration. For both developed models, a very high agreement of numerical results was

obtained, which validates the correctness of the derived equations and their implementation in MATLAB.

The analysis of the top model demonstrated that the quaternion representation eliminates the gimbal-lock

problem present in the Euler-angle formulation. At the same time, the performed tests yielded shorter

computation times compared to the classical model. This indicates that, for spherical motion, quaternions

provide not only a more universal but also a computationally efficient method for describing orientation.

In the case of the unbalanced rotor model, the use of dual quaternions enabled the simultaneous descrip-

tion of rotational and translational motion within a single mathematical representation. The obtained

results were consistent with those produced by the classical method, while the longer computation

time resulted from the more general model, which does not rely on the simplifications present in the

Euler-angle-based solution.

The analyses carried out show that quaternions and dual quaternions constitute a valuable alternative

to classical methods of describing rigid-body motion. Their use eliminates problems associated with

representation singularities and provides a unified description of spatial motion, which is particularly

important in rotor-machine modeling, robotics, space technologies, and other fields requiring precise

representation of object orientation and position.

Based on the obtained results, it can be concluded that the objective of the thesis has been achieved. The

study demonstrated the feasibility of effectively using quaternions and dual quaternions for modeling

rigid-body motion, and the comparison made it possible to identify their advantages and limitations

relative to the classical Euler-angle-based approach.
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